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a b s t r a c t
We propose a new phase-ﬁeld model to investigate the hydrodynamics of a water–oil-surfactant system. The phase-ﬁeld method based on the time-dependent Ginzbug–Landau
model is developed for the water–oil-surfactant system using two order parameters. We
derive the new model in which the water–oil interfacial proﬁle is independent of the surfactant concentration. The proposed model is coupled with the Navier–Stokes equation to
have hydrodynamics and it provides an accurate surface tension from the numerical point
of view. Various numerical results are presented such as the pressure difference test, calculation of the Dirac-delta function, and the interfacial proﬁle effect to demonstrate the
good performance of our model. A droplet deformation under shear ﬂows with Marangoni
force is also numerically investigated.
Ó 2013 Elsevier Inc. All rights reserved.

1. Introduction
Water–oil-surfactant mixtures have been widely investigated mainly due to their important applications in everyday life
[1–3]. To model these micro-scale mixtures, phase-ﬁeld models have been studied [1,4] where interfacial transitions of oil–
water and surfactant are considered to be inﬁnitely thin interfaces. The dynamics of the water–oil system with surfactants
has been investigated by using the time-dependent Ginzburg–Landau (TDGL) free energy functional [5–8] with two order
parameters [9–14]. To include the hydrodynamics of the system, the Navier–Stokes (NS) equation is coupled with the
water–oil-surfactant system [7,15–18]. The interface motion with ﬂuid ﬂows for immiscible mixtures which has been widely
studied [19,20] is described with TDGL–NS system. Surfactants tend to assemble at the water–oil interface and the interfacial
surface tension is typically lowered by the presence of surfactants [21]. In the mathematical formulation, the surface tension
is represented as a function of surfactants.
However, the straightforward use of the numerical solution for the water–oil-surfactant system can cause unphysical
phenomena such as higher interfacial force which leads to higher pressure jump and higher summation of the value of
the Dirac-delta function. The main purpose of this paper is to present a robust and accurate phase-ﬁeld model for solving
the water–oil-surfactant system with hydrodynamics. In our model, the water–oil interfacial proﬁle is independent of the
surfactant concentration.
The contents are organized as follows: In Section 2, the governing equations are presented with the interfacial tension. In
Section 3, a fully discrete semi-implicit ﬁnite difference scheme is described. We use a robust nonlinear multigrid method for
the phase-ﬁeld equations and a projection method for the incompressible ﬂuids. Numerical experiments are presented in
Section 4. Conclusions are drawn in Section 5.
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2. Governing equations
The dynamics of two immiscible ﬂuids and surfactants is modeled by the TDGL free energy functional of the phase-ﬁeld
with two order parameters, / and w, which describe the difference in the local densities of the water–oil system and the local
concentration of surfactants, respectively [22]. The hydrodynamics is included by using the modiﬁed Navier–Stokes
equations. The equation for interface advection is replaced by a continuum advective-diffusion equation, where diffusion
is driven by chemical potential gradients [23]. Finally, the TDGL–NS system models the hydrodynamics of the water–oilsurfactant system.
2.1. Previous model
We consider a widely used model proposed by van der Sman and van der Graaf [14]:

Eð/; wÞ ¼


Z 
k
sw
w
aFð/Þ þ jr/j2  jr/j2 þ w/2 þ k½w ln w þ ð1  wÞ lnð1  wÞ dx;
2
2
2
X

ð1Þ

2

where the double-well potential Fð/Þ ¼ ð/2  1Þ =4 is the Helmholtz free energy (see Fig. 1). The small positive constant k is
the gradient energy coefﬁcient related to the interfacial energy. a; s; w, and k are positive phenomenological parameters and
X is a domain. In the free energy functional Eð/; wÞ, the terms 0:5swjr/j2 and 0:5ww/2 prefer a relatively high value of w at
the water–oil interface. The term k½w ln w þ ð1  wÞ lnð1  wÞ restricts the value of w to be in the range ð0; 1Þ.
Let l/ ¼ dE=d/ and lw ¼ dE=dw be the variational derivatives of the energy functional Eq. (1) with respect to / and w.
Though the Sman–Graaf [14] includes hydrodynamics with the Lattice Boltzmann equation, let us consider the TDGL–NS system of the Sman–Graaf model as follows:

qðut þ u  ruÞ ¼ rp þ gDu þ SFð/; wÞ;

ð2Þ

r  u ¼ 0;

ð3Þ

@/
þ r  ð/uÞ ¼ M/ Dl/ ;
@t

ð4Þ

@w
þ r  ðwuÞ ¼ Mw Dlw ;
@t

ð5Þ

l/ ¼ að/3  /Þ  kD/ þ br  ðwr/Þ þ c/w;

ð6Þ

b
2

c
2

lw ¼  jr/j2 þ /2 þ d½ln w  lnð1  wÞ;

ð7Þ

where q is the density, g is the viscosity, u is the velocity, p is the pressure, SFð/; wÞ is the interfacial force, M / and M w are the
mobilities of / and w, respectively.

2

Fig. 1. A double well potential, ð/2  1Þ =4.
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To rewrite the dimensional TDGL–NS system (2)–(7) in dimensionless form, we consider characteristic values: length ðL Þ,
velocity ðV  Þ, viscosity ðg Þ, density ðq Þ, chemical potentials ðl/ Þ; ðlw Þ, and mobilities ðM / Þ, ðM w Þ. We introduce following
non-dimensional variables:

x ¼

x
;
L

¼
u

u
;
V

t ¼ tV  ;
L

¼
p

p
V 2

q

;

l / ¼

l
l/
w ¼ w ;
; l
l/
l/

where the bars denote dimensionless variables. After substituting these variables to the governing equations, dropping bar
notations, and using the dimensionless numbers, we have the nondimensionalized system:

qðut þ u  ruÞ ¼ rp þ

1
1
Du þ
SFð/; wÞ;
Re
ReCa

r  u ¼ 0;

ð8Þ
ð9Þ

@/
1
þ r  ð/uÞ ¼
Dl/ ;
@t
Pe/

ð10Þ

@w
1
þ r  ðwuÞ ¼
Dlw ;
@t
Pew

ð11Þ

l/ ¼ /3  /  2 D/ þ sr  ðwr/Þ þ w/; w;

ð12Þ

s
2

w
2

lw ¼  jr/j2 þ /2 þ k½ln w  lnð1  wÞ;

ð13Þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where  ¼ k=ðl/ L2 Þ is the interfacial thickness for a ¼ l/ , s ¼ b=ðl/ L2 Þ; w ¼ c=l/ ; k ¼ d=l/ ; Re ¼ qV  L =g is the Reynolds number which describes the ratio between the inertial force and the viscous force, the Capillary number Ca ¼ V  g=r0 ,
and r0 is the surface tension of the clean interface. The diffusional Peclet numbers are Pe/ ¼ L V  =ðM / l/ Þ and
Pew ¼ L V  =ðM w l/ Þ. We let q ¼ 1 and g ¼ 1.
The boundary conditions for the TDGL system are zero Neumann boundary conditions

m  r/ ¼ m  rw ¼ m  rl/ ¼ m  rlw ¼ 0 on @ X;
where

ð14Þ

m is the outward normal vector to @ X.

2.2. Proposed model
The term I ¼ sr  ðwr/Þ þ w/w in Eq. (12) makes the interface of / sharpen and causes unphysical behavior of /. We
propose a new model without the term I as:

qðut þ u  ruÞ ¼ rp þ

1
1
Du þ
SFð/; wÞ;
Re
ReCa

ð15Þ

r  u ¼ 0;

ð16Þ

@/
1
þ r  ð/uÞ ¼
Dl/ ;
@t
Pe/

ð17Þ

@w
1
þ r  ðwuÞ ¼
Dlw ;
@t
Pew

ð18Þ

l/ ¼ /3  /  2 D/;

ð19Þ

s
2

w
2

lw ¼  jr/j2 þ /2 þ k½ln w  lnð1  wÞ:

ð20Þ

Note that the thin interfacial thickness  has the physical value of 3:3  106 ðJ=cmÞ1=2 [4] which is difﬁcult to implement
with current computational powers. By this reason, an interfacial width for the phase-ﬁeld model (including the diffuseinterface models) is diffused by the length scale of the numerical spatial step size [19].
Interfacial force SFð/; wÞ satisfying the Laplace–Young condition is given as the summation of the interfacial surface tension and Marangoni force [8,24,25]:

SFð/; wÞ ¼ rðwÞjdn þ dðrs rðwÞÞ ¼ rðwÞðr  nÞajr/j2 n þ ajr/j2 ½ðI  n  nÞrrðwÞ;
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where rðwÞ is the interfacial
tension depending on the surfactant concentration, d ¼ ajr/j2 is a smoothed Dirac-delta dispﬃﬃﬃ
tribution and a ¼ 3 2=4 [26], n ¼ r/=jr/j is the unit normal vector to the interface of two immiscible phases,
j ¼ r  ðr/=jr/jÞ is the mean curvature, and rs ¼ ðI  n  nÞr is the surface gradient operator. Note that the smoothed
Dirac-delta distribution in interfacial force only depends on /. Therefore, even though surfactant changes interfacial force,
it does not alter the distribution of /. The nonlinear dependence of the interfacial tension rðwÞ is given through a constitutive
law as



rðwÞ ¼ r0 þ RTw1 ln 1 


w
;
w1

ð21Þ

where r0 is the surface tension of the clean interface, R is the gas constant, T is the temperature, and w1 denotes the monolayer saturation concentration (scaled by the initial equilibrium concentration), which is a theoretical limit [27,28]. Let
b ¼ RTw1 =r0 , then we have a nondimensionalized rðwÞ



rðwÞ ¼ 1 þ b ln 1 


w
;
w1

ð22Þ

where the elasticity number b is a measure of the sensitivity of interfacial tension to variations in the surfactant
concentration.
Note that Eq. (22) is a form of the Langmuir equation of state [29], in which we assume that there are no adhesive or
repulsive interactions between the surfactant molecules. The term has been widely used in studying the ﬂuid-surfactant
dynamics [6,8,11,27,29]. In [5,14,21], the authors use the interfacial force from the Gibbs–Duhem equality where the excess
chemical potential gradients give rise to a thermodynamic force as

SFð/; wÞ ¼ /rl/  wrlw :

ð23Þ

The main differences between the proposed model and the Sman–Graaf model are that (1) the present model omits the
interface sharpening term I ; (2) the present model uses the Navier–Stokes equation, whereas the Sman–Graaf model uses
the Lattice Boltzmann equation; and (3) the present model uses the interface force from geometric feature of surface,
whereas the Sman–Graaf model uses a formulae from the thermodynamics. (see Fig. 2)
3. Numerical solution
We present the algorithm for numerical solution on a staggered grid [30]. /; w, and p are deﬁned at the cell center. Each
velocity component u and v from velocity u ¼ ðu; v Þ is deﬁned at vertical lines and horizontal lines (see Fig. 3).
Let us discretize Eqs. (15)–(20) in two-dimensional space X ¼ ða; bÞ  ðc; dÞ. Let N x and N y be the numbers of cells in x- and
y-directions, respectively. Then, h ¼ ðb  aÞ=N x ¼ ðd  cÞ=N y be the uniform mesh size. Let Xij ¼ fðxi ; yj Þ : xi ¼ a þ ði  0:5Þh; yj
¼ c þ ðj  0:5Þh; 1 6 i 6 N x ; 1 6 j 6 N y g be the set of cell-centers. The cell vertices are ðxiþ1 ; yjþ1 Þ ¼ ðih; jhÞ. Velocity compo2
2
nents u and v are located at ðxiþ1 ; yj Þ, ðxi ; yjþ1 Þ, respectively. Let /nij be approximations of /ðxi ; yj ; nDtÞ, where Dt is the time
2
2
step. We implement the zero Neumann boundary condition (14) by requiring that

/n0j ¼ /n1j ; /nNx þ1;j ¼ /nNx j ;

/ni0 ¼ /ni1 ; /ni;Ny þ1 ¼ /niNy ;

ð24Þ

for j ¼ 1; . . . ; N y and i ¼ 1; . . . ; N x . The discrete differentiation operators are given as

Fig. 2. Semilogarithmic plot of Dr against 1  wmax =w1 . Results obtained by simulation (represented with circles) and linear ﬁtting (represented with solid
line).
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Fig. 3. /; w, and p are deﬁned at the cell center. u and

Dx /iþ1=2;j ¼

/iþ1;j  /ij
;
h

Dy /i;jþ1=2 ¼

v are deﬁned at the cell edges.

/i;jþ1  /ij
;
h

r  /ij ¼ Dx /ij þ Dy /ij ;




r/ij ¼ Dx /iþ1=2;j ; Dy /i;jþ1=2 ;
rc /ij ¼

D/ij ¼



Dx /iþ1=2;j þ Dx /i1=2;j Dy /i;jþ1=2 þ Dy /i;j1=2
;
;
2
2

Dx /iþ1=2;j  Dx /i1=2;j þ Dy /i;jþ1=2  Dy /i;j1=2
:
h

Then, a semi-implicit time and centered difference space discretization of Eqs. (15)–(20) is given by

unþ1  un
1
1
¼ rpnþ1 þ Dun þ
SFn  ðu  ruÞn ;
Re
ReCa
Dt

ð25Þ

r  unþ1 ¼ 0;

ð26Þ

/nþ1  /n
1
¼
Dlnþ1
 r  ð/uÞn ;
/
Pe/
Dt

ð27Þ

3

lnþ1
¼ ð/nþ1 Þ  /n  2 D/nþ1 ;
/

ð28Þ

wnþ1  wn
1
¼
Dlnþ1
 r  ðwuÞn ;
w
Pew
Dt

ð29Þ

s
2

lnþ1
¼  jrc /nþ1 j2 þ
w

w nþ1
/
2

2

þ k½ln wn  lnð1  wn Þ:

ð30Þ

The one time step is proceeded as follows.
Step 1. Solve the Navier–Stokes Eqs. (25) and (26) on the rectangular grid to get unþ1 and pnþ1 from un and SFn by employing
the projection method [31].
Let us discretize SFn . The normal vector at the top right vertex of cell ði; jÞ is given by



 /
iþ1;j þ /iþ1;jþ1  /ij  /i;jþ1 /i;jþ1 þ /iþ1;jþ1  /ij  /iþ1;j
:
miþ1;jþ1 ¼ mxiþ1;jþ1 ; myiþ1;jþ1 ¼
;
2
2
2
2
2h
2h
2
2
The other normal vectors are deﬁned in the same manner. Then the curvature at the cell center is
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m
r 
jmj
e


ij

!
y
y
y
y
x
x
x
x
1 miþ12;jþ12 þ miþ12;jþ12 miþ12;j12  miþ12;j12 mi12;jþ12  mi12;jþ12 mi12;j12 þ mi12;j12

:
¼
þ

2h
jmiþ1;jþ1 j
jmiþ1;j1 j
jmi1;jþ1 j
jmi1;j1 j
2

2

2

2

2

2

2

2

The cell-centered normal is the average of vertex normals,





re /ij ¼ miþ12;jþ12 þ miþ12;j12 þ mi12;jþ12 þ mi12;j12 =4:
The unit normal vector, nij ¼ ðnxij ; nyij Þ, is deﬁned as re /ij =jre /ij j. Then the surface tension force SF is discretized as

SFð/ij ; wij Þ ¼ rðwij Þare 
¼ rðwij Þare 




m
jmj
m
jmj



jre /ij jre /ij þ aðI  n  nÞij rrðwij Þjre /ij j2

ij



jre /ij jre /ij

ij



2
2
2
þ a ð1  ðnxij Þ ÞDx rðwij Þ  nxij ðnyij Þ Dy rðwij Þ;nxij nyij Dx rðwij Þ þ ð1  ðnyij Þ ÞDy rðwij Þ jre /ij j2 :
~ without the pressure gradient term,
We decompose Eq. (25) into two steps. First, we solve an intermediate velocity ﬁeld u

~  un
1
1
u
¼ Dun þ
SFn  ðu  ruÞn :
Re
ReCa
Dt

ð31Þ

Second, we solve the following equations for the pressure ﬁeld at ðn þ 1Þ time step.

~
unþ1  u
¼ rpnþ1 ;
Dt

ð32Þ

r  unþ1 ¼ 0:

ð33Þ

Taking the discrete divergence operator to Eq. (32) and using Eq. (33), we have the Poisson equation for the pressure at the
time ðn þ 1Þ, which is solved using a multigrid method.

Dpnþ1 ¼

1
~:
ru
Dt

ð34Þ

Then the divergence-free velocities unþ1 and

u

nþ1

~  Dt rp
¼u

nþ1

v nþ1

are deﬁned by

ð35Þ

:
n

n

nþ1

Step 2. Update the composition ﬁelds / and w to /
vative form such as

r  ð/uÞnij ¼

uniþ1;j ð/niþ1;j þ /nij Þ  uni1;j ð/nij þ /ni1;j Þ
2

2

2h

nþ1

and w

þ

n

from Eqs. 27,28,29,30. Here r  ð/uÞ is computed in a conser-

v ni;jþ ð/ni;jþ1 þ /nij Þ  v ni;j ð/nij þ /ni;j1 Þ
1
2

1
2

2h

:

We apply an unconditionally gradient stable type scheme and use a nonlinear multigrid solver [32] to solve Eqs. (27)–(30).
For a detailed description of the numerical method used in solving these equations, please refer to [33,34]. These steps complete one time step.

4. Numerical experiments
To show the accuracy of the proposed model, we perform numerical experiments such as pressure jump, effect of the
term I , calculation of the Dirac-delta function, and droplet deformation. Here we deﬁne the numerical steady state when
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PNx PNy nþ1
2
the l2 norm between wnþ1 and wn becomes less than a tolerance, i.e., jjwnþ1  wn jj2 ¼
 wnij Þ =ðN x N y Þ
i¼1
j¼1 ðwij
< 106 . Unless otherwise speciﬁed, we use wðx; y; 0Þ ¼ wav arge ¼ 0:2, k ¼ 0:02; b ¼ 0:5, and w1 ¼ 1. For the numerical experiments, we focus on investigating the hydrodynamics in which surfactant concentration is relatively high. It should be noted
that if surfactant concentration is relatively small, then the value of the term I approaches to zero and our proposed model
shows similar results to the van der Sman and van der Graaf model [14]. Also note that the Engblom et al.’s model [5], in
2

which they replaced swjr/j2 by swð1  /2 Þ =ð42 Þ to produce a sharper equilibrium proﬁle.
4.1. Pressure difference
We calculate the pressure difference ½p to compare the analytical prediction with the numerical solution of our proposed
model. In this numerical test, we calculate the governing equations (15)–(17), (19) with the initial condition
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Table 1
Error with mesh reﬁnement.
Mesh sizes

64  64

128  128

256 256

512  512

Relative error

0.2568

0.0856

0.0269

0.0098

Fig. 4. Overlapped numerical solutions of the order parameter / and the surfactant concentration w (a) with and (b) without I at the steady state. For
comparison, we also plot the equilibrium proﬁle of / without surfactant.

Fig. 5. Contour plots of order parameter / at four levels (a) with and (b) without I at the steady state. Note that we overlap the steady state of a clean
droplet for comparison.

/ðx; y; 0Þ ¼ tanh½ð0:4 

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
ðx  0:5Þ2 þ ðy  0:5Þ2 Þ=ð 2Þ on the unit domain ð0; 1Þ  ð0; 1Þ. The pressure jump across interface

for a clean droplet with a radius r ¼ 0:4 is analytically given by the Laplace law ½pexact ¼ 1=ðrReCaÞ [35]. Parameters  ¼ 0:01,
Re ¼ 100; Ca ¼ 0:01, and Pe/ ¼ 1 are used. With ﬁner mesh sizes up to four levels such as 64  64; 128  128; 256  256,
and 512  512, we compute the relative error, j½pexact  ½pnumerical j=½pexact . Table 1 shows that the numerical pressure difference approaches to the analytic value with mesh reﬁnements.
If there is surfactant around the droplet, then the interfacial tension rðwÞ depends on surfactant concentration:
rðwÞ ¼ 1 þ b ln ð1  w=w1 Þ. Fig. 2 shows the semilogarithmic plot of Dr ¼ 1  rðwmax Þ against 1  wmax =w1 , where wmax is

A. Yun et al. / Applied Mathematics and Computation 229 (2014) 422–432
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Fig. 6. Plots of / and w at y ¼ 16 with various surfactant concentrations: (a) / and (b) w with I ; (c) / and (d) w without I .

Fig. 7. Droplet proﬁles with (dashed line) and without (solid line) the term I .

the maximum value of surfactant concentration in equilibrium condition and rðwmax Þ ¼ rReCa½p is calculated numerically.
Here we used several different average surfactant concentrations wav arage ¼ 0:2; 0:3; 0:4; 0:5; 0:6 and b ¼ 0:5, w1 ¼ 1. We expect the relation rðwmax Þ  1  ln ð1  wmax =w1 Þ by the equation of state and Fig. 2 demonstrates that our numerical results
(represented with circles) ﬁt well to the linear ﬁtting (represented with solid line).
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Fig. 8. Effect of Ca number: (a) contour plots of / and (b) deformation rate with Ca ¼ 0:25 (dashed line) and Ca ¼ 0:5 (solid line).

Fig. 9. Contour lines droplet with clean, surfactant with Marangoni force, and surfactant without Marangoni force (a) and its close-up view (b). The arrows
are the Marangoni stress vector ﬁeld along the interface of the droplet.

4.2. Interface sharpening effect and Dirac-delta function
With Eqs. (10)–(13), we investigate the effect of the interface sharpening term I on the interfacial proﬁle
with high surpﬃﬃﬃ
factant concentration without ﬂow. Here, the initial p
condition
is given as /ðx; y; 0Þ ¼ tanh½ð16  xÞ=ð 2Þ on the domain
ﬃﬃﬃ
X ¼ ð0; 32Þ  ð0; 32Þ. The parameter values  ¼ 18h=ð2 2tanh1 ð0:9ÞÞ; s ¼ 0:3; w ¼ 0:0001; Pe/ ¼ 1, and Pew ¼ 50 are used
with a time step Dt ¼ 0:4 and a space step h ¼ 0:25. Fig. 4(a) and (b) show the order parameter / and the surfactant concentration w on y ¼ 16 with and without I , respectively. To compare numerical results with and without surfactant, we overlap
the equilibrium proﬁles. As can be seen that the interfacial transition of the order parameter / becomes sharper when the
term I is included. However, without the term I ; / does not change. In both cases, surfactant has relatively high concentration at the interfacial region of /.
P x
Across the interface, a Ni¼1
ðDx /iþ1=2;Ny=2 Þ2 h, the summation of the smoothed Dirac-delta function, should equal to 1. With
and without I , the values are 1:1809 and 0:9955, respectively. This result suggests that we have a better smoothed Diracdelta function without the term I .
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Next, we consider a droplet which is placed on the center of computational domain ð0; 32Þ  ð0; 32Þ with a radius of 12.

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ 
The initial condition is /ðx; y; 0Þ ¼ tanh 12  ðx  16Þ2 þ ðy  16Þ2 =ð 2Þ . Here we use Pe/ ¼ 10; Pew ¼ 50,
pﬃﬃﬃ
 ¼ 18h=½2 2tanh1 ð0:9Þ; s ¼ 0:3, h ¼ 0:25, and Dt ¼ 0:4. Overlapped contour plots of the order parameter / at four levels
from 1 to 1 (a) with and (b) without I at the steady state are shown in Fig. 5. Here we overlap the interface of clean droplet
for comparison. With the term I , (a), interface / is shrinked than the clean droplet. However, without the term, (b), we observe the interface of / is exactly the same as the clean droplet. Then we consider various surfactant concentrations such as
wav erage ¼ 0:2(represented with circles), 0:1(represented with triangles), and 0:05(represented with stars) for a droplet in
Fig. 5. Fig. 6(a) and (b) show / and w with I at y ¼ 16 plane, respectively. In (a), we overlap steady state of the clean droplet
(represented with solid line) for comparison. The interface sharpening phenomenon diminishes when the value of the bulk
concentration of surfactant is small. Fig. 6(c) and (d) show / and w without I at y ¼ 16 plane, respectively. In (c), steady state
of the clean droplet (represented with solid line) is completely overlapped to the steady states with surfactant. We deduce
that the proﬁle of / is independent of the amount of surfactant concentration.

4.3. Deformation of a droplet under shear ﬂow
We investigate the effect of the term I on the deformation of a droplet under a simple shear ﬂow. We consider a drop of
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
radius r ¼ 0:2 on X ¼ ð0; 1Þ  ð0; 1Þ, i.e., /ðx; y; 0Þ ¼ tanh½ð0:2  ðx  0:5Þ2 þ ðy  0:5Þ2 Þ=ð 2ÞÞ. The TDGL–NS system is
2

solved with a spatial mesh size 128  128 and a temporal step Dt ¼ 2h up to time T ¼ 2:44. We impose a shear ﬂow with
the top and bottom lid moving in opposite directions. In this simulation we take the parameters:
Re ¼ 10; Ca ¼ 0:3;  ¼ 0:015; s ¼ 0:00002; Pe/ ¼ 100; Pew ¼ 100, and w ¼ 0:00002. Fig. 7 shows the contour lines of the
droplet / with (dashed line) and without (solid line) the term I . In the case of without the term I , the droplet ends are more
elongated than that of with the term. This is due to the higher surface tension effect from the sharp interface proﬁle with I .
Then we investigate the effect of Capillary number on the deformation of the droplet. Let the Taylor deformation parameter be D ¼ ðL  BÞ=ðL þ BÞ, where L and B are the maximum and the minimum distances of the drop interface from its center,
respectively. Fig. 8(a) and (b) show the droplet shapes and the Taylor deformation parameter D with Ca ¼ 0:25 (dashed line)
and Ca ¼ 0:5 (solid line) at T ¼ 1:5, respectively. The parameters Re ¼ 10; Pe/ ¼ 0:1; Pew ¼ 2;  ¼ 0:015, s ¼ 0:00001, and
w ¼ 0:00001 are used. This result illustrates that the bigger value of Ca makes more elongated droplet.
4.4. Effect of Marangoni stress term on a droplet under a shear ﬂow
Finally, we study the effect of the Marangoni force on the droplet deformation under a shear ﬂow. The parameters are the
same as Section 4.3. Fig. 9 shows the contour lines droplet with clean, surfactant with Marangoni force, and surfactant without Marangoni force (a) and its close-up view (b). Here we overlap the Marangoni stress vector ﬁeld along the interface of the
droplet. From the results, we deduce that surfactants lower the interfacial tension and promote drop deformation. Meanwhile, the Marangoni stress retards the convective ﬂux and opposes the interfacial velocity.
5. Conclusions
We have proposed a new phase-ﬁeld model to investigate the hydrodynamics of a water–oil-surfactant system. The new
model has a good numerical property that the water–oil proﬁle is independent of the surfactant concentrations. With our
model, an accurate interfacial tension was provided, which resulted in an appropriate calculation of the surface force. We
used a nonlinear multigrid method for the phase-ﬁelds and a projection method for the incompressible Navier–Stokes equations. To show the accuracy of our proposed model, the pressure jump was calculated. We compared numerical results of
previous and proposed models for pressure difference, calculation of the Dirac-delta function and the interfacial proﬁles
for the equilibrium states. Numerical experiments for a droplet under shear ﬂows with Marangoni force were included. Overall, our proposed model showed good performance compared to the previous approaches.
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